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Abstract
In a recent work, Dancs and He found an Euler-type formula for ζ(2n+ 1), n
being a positive integer, which contains a series they could not reduce to a finite
closed-form. This open problem reveals a greater complexity in comparison to
ζ(2n), which is a rational multiple of π2n. For the Dirichlet beta function, the
things are ‘inverse’: β(2n+1) is a rational multiple of π2n+1 and no closed-form
expression is known for β(2n). Here in this work, I modify the Dancs-He ap-
proach in order to derive an Euler-type formula for β(2n), including β(2) = G,
the Catalan’s constant. I also convert the resulting series into zeta series, which
yields new exact closed-form expressions for a class of zeta series involving β(2n)
and a finite number of odd zeta values. A closed-form expression for a certain
zeta series is also conjectured.
Keywords: Dirichlet beta function, Riemann zeta function, Catalan’s
constant, Zeta series
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1. Introduction
For real values of s, s > 1, the Riemann zeta function is defined as ζ(s) :=∑
∞
n=1 1/n
s. In this domain, the convergence of this series is guaranteed by the
integral test.1 For integer values of s, it is known that ζ(2n), n being a positive
integer, the so-called even zeta values are rational multiples of π2n, according
to a famous Euler’s formula (see, e.g., [14] and references therein), namely
ζ(2n) = (−1)n−1
22n−1B2n
(2n)!
π2n , (1)
in which n is a positive integer and Bn are the Bernoulli numbers, i.e. the
rational coefficients of zn/n! in the Taylor expansion of z/(ez − 1), |z| < 2 π.
Email address: fabio@fis.unb.br (F. M. S. Lima)
1For s = 1, it represents the harmonic series
∑
∞
n=1 1/n, which diverges to infinity.
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From the fact that π is a transcendental number, as first proved by Lindemann
(1882), it follows that all ζ(2n) are transcendental numbers. For ζ(2n+ 1), on
the other hand, no analogous closed-form expression and no transcendence proof
is known. In fact, even irrationality proofs are unknown, except for the Ape´ry
proof (1978) that ζ(3) is irrational [1, 9]. The belief that all these numbers are
irrational increased much when Rivoal presented a proof that infinitely many
odd zeta values are irrational [10]. This proof was soon followed by the ‘finite’
result by Zudilin (2001) that at least one of the four numbers ζ(5), ζ(7), ζ(9),
and ζ(11) is irrational [15].
This mysterious scenario has a ‘reverse’ counterpart composed by the values
of the Dirichlet beta function at integer points. This function is defined as2
β(s) :=
∞∑
k=0
(−1)k
(2 k + 1)s
, (2)
a series that converges for all s > 0, according to the Leibnitz’s test for alter-
nating series. For this function, one has the following analogue of Eq. (1):
β(2n+ 1) = (−1)n
E2n
22n+2 (2n)!
π2n+1 , (3)
where En are the Euler numbers, i.e. the integer numbers obtained as the coef-
ficients of zn/n! in the Taylor expansion of sech(z), |z| < π/2 .3 Of course, the
transcendence of π implies the transcendence of all odd beta values, but no irra-
tionality proof is known for any β(2n), not even for β(2) = G = 0.91596559 . . . ,
known as the Catalan’s constant,4 which is the beta counterpart of ζ(3) [5].
Presently, the only known irrationality results are the recent proofs by Rivoal
and Zudilin (2003) that infinitely many β(2n) are irrational, and that at least
one of the seven numbers β(2), . . . , β(14) is irrational [11]. Furthermore, none
knows a finite closed-form expression for any β(2n) in terms of elementary
functions. However, in investigating some special values of the polygamma
function ψ(n)(x) at rational entries,5 Ko¨lbig (1996) found a relation between
ψ(2n−1)( 1/4) and β(2n) [7]. By isolating β(2n) in that relation, one has
β(2n) =
ψ(2n−1)
(
1
4
)
2 (2n− 1)! 42n−1
−
(22n − 1) |B2n|
2 (2n)!
π2n , (4)
2The function β(s) can also be defined in terms of the Hurwitz zeta function ζ(s, a) :=∑
∞
k=0 1/(k + a)
s, as given by β(s) =
[
ζ(s, 1
4
)− ζ(s, 3
4
)
]
/4s.
3The analytic continuation of β(s) extends it to all points in the complex plane,
without singularities. This is done with the functional equation β(1 − s) =
( 2/pi)s−1 sec
(
pi
2
s
)
β(s)/Γ(s − 1), where Γ(x) is the Euler’s gamma function.
4The suspected irrationality of G remains unproven. In fact, it is one of the main open
problems in analytic number theory.
5Here, ψ(n)(x) is the n-th derivative of the digamma function ψ(x), which in turn is defined
as the logarithm derivative of Γ(x).
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which resembles the Euler’s formula. Unfortunately, the arithmetic nature of
ψ(2n−1)( 1/4) is also unknown and it seems very hard to express these numbers
in terms of other known constants.
Apart from this singular result, the approach introduced by Dancs and He
in a recent work [4], in which an Euler-type formula is derived for ζ(2n+ 1) ,
suggests that a similar Euler-type formula could be found for β(2n). Here in this
work, I make some series manipulations similar to those carried out by Dancs
and He with a view to deriving an Euler-type formula for β(2n). As will be
shown, this yields a formula containing a series involving rational multiples of
even powers of π, the companying coefficients involving the numbers E 2n+1(1),
where En(x) is the Euler polynomial of degree n.
6 This formula can then be
regarded as the analogue of Eq. (5) of [14], in the sense that the series reduces
to a single term when E2n+1(1) is substituted by E2n(1). Lastly, by converting
the summand into rational multiples of ζ(2n) and then making use of a formula
derived recently by Milgran [8], I derive an exact closed-form expression for a
certain class of zeta series related to β(2n) and a finite number of odd zeta
values.
2. Adapting the Dancs-He approach for even beta values
Let us modify the method introduced by Dancs and He, which yields an
Euler-type formula for ln 2 and ζ(2n+ 1), n being a positive integer,7 in order
to get a similar result for β(2n). For a given ǫ > 0 and u ∈ [1, 1 + ǫ], we start
with the following series expansion
2 et
et + u
=
∞∑
n=0
φn(u)
tn
n!
. (5)
From the generating function for En(x), namely 2 e
x t/(et + 1) =
∑
∞
n=0En(x)
tn
n! ,
it is clear that φn(1) = En(1), ∀n ≥ 0. For u > 1, we have
φn(u) = −2
∞∑
j=1
j n
(−u) j
. (6)
For a given u ≥ 1, this series converges absolutely for |t| < π [4]. For n < 0,
we shall take this series as our definition of φn(u). From the Taylor series
for ln (1 + x), we have φ−1(1) = 2 ln 2, and from a well-known result for the
alternating zeta function, we have
φ−m(1) = 2 (1− 2
1−m) ζ(m) (7)
6The Euler polynomials are En(x) :=
∑
n
k=0
(
n
k
)Ek
2k
(
x− 1
2
)n−k
.
7In this context, ln 2 plays the role of ζ(1), the only singularity of ζ(s) in the complex
plane.
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for all m ∈ Z, m > 1.
Now, let us modify the argument of the sine function in the first series that
appear after Eq. (2.4) in [4] by exchanging π by π/2 . This results in
∞∑
n=1
1
(−u)n
sin
(
n pi2
)
n2k
=
∞∑
n=1
(−1)n
sin
(
n pi2
)
un n2k
=
∑
n even
(−1)n
sin
(
n pi2
)
un n2k
+
∑
n odd
(−1)n
sin
(
n pi2
)
un n2k
=
∞∑
m=1
(−1)2m
sin (mπ)
u2m (2m)2k
+
∞∑
m=1
(−1)2m−1
sin
(
mπ − pi2
)
u2m−1 (2m− 1)2k
.
The series with sin (mπ) is of course null and, by noting that sin
(
mπ − pi2
)
=
(−1)m+1, one has
∞∑
n=1
(−1)n
sin
(
n pi2
)
un n2k
=
∞∑
m=1
(−1)m
1
u2m−1 (2m− 1)2k
. (8)
By taking the limit as u→ 1
+
on both sides of this equation, one finds, for any
positive integer k,
lim
u→1+
∞∑
n=1
(−1)n
sin
(
n pi2
)
un n2k
=
∞∑
m=1
(−1)m
(2m− 1)2k
. (9)
From Eq. (2), one has
lim
u→1+
∞∑
n=1
(−1)n
sin
(
n pi2
)
un n2k
= −β(2k) . (10)
This limit can be calculated by manipulating the series in a manner to express
it in terms of the functions φn(u). This is done by using the Taylor expansion
of the sine function in the summand, as follows:
−β(2k) = lim
u→1+
∞∑
n=1

(−1)n 1
un n2k
∞∑
j=0
(−1)j
(
n pi2
)2j+1
(2j + 1)!


= lim
u→1+
u
2
∞∑
j=0
(−1)j+1
π2j+1
22j+1 (2j + 1)!
φ2j+1−2k(u)
= lim
u→1+
u
2

 k−1∑
j=0
(−1)j+1 π2j+1
22j+1 (2j + 1)!
φ2j+1−2k(u) +
∞∑
j=k
(−1)j+1 π2j+1
22j+1 (2j + 1)!
φ2j+1−2k(u)


= lim
u→1+
u
2
[
k−1∑
j=0
(−1)j+1 (π/2)2j+1
(2j + 1)!
φ2j+1−2k(u)
+
∞∑
m=0
(−1)m+k+1 (π/2)2m+2k+1
(2m+ 2k + 1)!
φ2m+1(u)
]
,
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where the last series was obtained by substituting m = j − k. Lastly, by effec-
tively taking the limit as u→ 1
+
, one finds
β(2k) =
1
2
[
k−1∑
j=0
(−1)j (π/2)2j+1
(2j + 1)!
φ2j+1−2k(1)
+ (−1)k
(π
2
)2k+1 ∞∑
m=0
fm
(2m+ 2k + 1)! · 2 2m
]
, (11)
where fm := (−1)
m π2m E2m+1(1) is the same parameter defined in Eq. (2.5)
of [4]. With this equation in hands, we can now state and prove the following
theorem.
Theorem 1 (Euler-type formula for β(2n) ). For any integer k, k > 0,
β(2k) = (−1)k+1
(π/2)2k−1
(2k − 1)!
ln 2 − (−1)k
k−1∑
m=1
(−1)m (π/2)2k−2m−1
(2k − 2m− 1)!
(
1−
1
22m
)
× ζ(2m+ 1) + (−1)k
π2k+1
22k+2
∞∑
m=0
(−1)m
π2m E2m+1(1)
(2m+ 2k + 1)! · 2 2m
. (12)
Proof. By making explicit the last term in the finite sum in Eq. (11), one
has
β(2k) =
1
2
[
k−2∑
j=0
(−1)j (π/2)2j+1
(2j + 1)!
φ2j−2k+1(1) + (−1)
k+1 (π/2)
2k−1
(2k − 1)!
φ−1(1)
+ (−1)k
(π
2
)2k+1 ∞∑
m=0
fm
(2m+ 2k + 1)! · 2 2m
]
.
By substituting both φ−1(1) = 2 ln 2 and the result for φ−m(1) stated in
Eq. (7), one has
β(2k) =
1
2
[
2
k−2∑
j=0
(−1)j (π/2)2j+1
(2j + 1)!
(
1− 22j−2k+2
)
· ζ(2k − 2j − 1)
+ 2 (−1)k+1
(π/2)2k−1
(2k − 1)!
ln 2 + (−1)k
(π
2
)2k+1 ∞∑
m=0
fm
(2m+ 2k + 1)! · 2 2m
]
.
This simplifies to
β(2k) =
k−2∑
j=0
(−1)j (π/2)2j+1
(2j + 1)!
(
1− 22j−2k+2
)
· ζ(2k − 2j − 1)
+ (−1)k+1
(π/2)2k−1
(2k − 1)!
ln 2 + (−1)k
π2k+1
22k+2
∞∑
m=0
fm
(2m+ 2k + 1)! · 2 2m
.
The substitution j = k −m− 1 in the finite sum completes our proof.
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✷This new formula for β(2k) can be regarded as the analogue of Eq. (5)
of [14]. This may give some insight into why it is so difficult to find closed-form
expressions for even beta values.
Let us list the result for the first three beta values yielded by Theorem 1, as
found by putting k = 1, 2, 3 on Eq. (12):
β(2) = G =
π
2
ln 2−
π3
24
∞∑
m=0
(−1)m
π2m E2m+1(1)
(2m+ 3)! · 2 2m
, (13)
β(4) = −
π3
3! · 23
ln 2 +
3
23
π ζ(3) +
π5
26
∞∑
m=0
(−1)m
π2m E2m+1(1)
(2m+ 5)! · 2 2m
, (14)
and
β(6) =
π5
5! · 25
ln 2−
π3
26
ζ(3)+
15 π
25
ζ(5)−
π7
28
∞∑
m=0
(−1)m
π2m E2m+1(1)
(2m+ 7)! · 2 2m
, (15)
respectively.
3. A closed-form expression for a class of zeta series
Let us express the infinite series in the previous formulas in the form of zeta
series, in order to establish a finite closed-form expression for a class of zeta
series related to β(2k) [13]. For this, let us make use of the identities
E2m+1(1) = −E2m+1(0) = 2
22m+2 − 1
2m+ 2
B2m+2 . (16)
By making use of the Euler’s formula, see Eq. (1), one finds the following prac-
tical conversion formula:
fm = (−1)
m π2m E2m+1(1) =
4− 2−2m
π2
(2m+ 1)! · ζ(2m+ 2) . (17)
By substituting this on Eq. (13) and then changing the summation index m
by n− 1, one finds
G =
π
2
ln 2− π
[
∞∑
n=1
ζ(2n)
2n (2n+ 1) 22n
−
∞∑
n=1
ζ(2n)
2n (2n+ 1) 42n
]
. (18)
The first series evaluates to (lnπ − 1)/2, accordingly to a recent result by Fujii
and Suzuki (see Eqs.(9–11) in [6]). The remaining zeta series then simplifies to
∞∑
n=1
ζ(2n)
n (2n+ 1) 42n
= 2
G
π
+ ln
(π
2
)
− 1 , (19)
6
a result that can be found on p. 242, Eq. (672) of [13]. It can also be deduced
from a series involving the Clausen function Cl2(θ), at p. 265 of [2], by using
the special value Cl2(π/2) = G.
As another example, let us apply our conversion formula, Eq. (17), in the
expression for β(4) established in Eq. (14). One finds
β(4) = −
π3
48
ln 2 +
3
8
π ζ(3) +
π3
4
[
∞∑
n=1
ζ(2n)
2n (2n+ 1) (2n+ 2) (2n+ 3) 22n
−
∞∑
n=1
ζ(2n)
2n (2n+ 1) (2n+ 2) (2n+ 3) 42n
]
. (20)
The first series evaluates to ζ(3)/(2π2)+ lnπ/12− 11/72, accordingly toWilton’s
formula (see Eq. (31) at p. 148 of [13], also Eq. (54) in [3]), which yields
∞∑
n=1
ζ(2n)
2n (2n+ 1) (2n+ 2) (2n+ 3) 42n
= −4
β(4)
π3
+ 2
ζ(3)
π2
+
1
12
ln
(π
2
)
−
11
72
,
(21)
This series is equivalent to that obtained by putting t = 14 in
∞∑
k=1
ζ(2k)
k (k + 1) (2k + 1) (2k + 3)
t2k+3 =
ζ(3)
2 π2
t+
6 ln 2π − 11
18
t3
+
1
3
[ζ′(−3, 1 + t)− ζ′(−3, 1− t)] , |t| < 1 , (22)
which is one of the zeta series investigated by Srivastava and co-workers (see
Eq. (713) in [12]). Here, ζ′(s, a) denotes the first derivative with respect to s.
As a last example, let us derive the zeta series corresponding to β(6). By ap-
plying our conversion formula to the expression for β(6) established in Eq. (15),
one finds, after some algebra, that
∞∑
n=1
ζ(2n)
2n (2n+ 1) (2n+ 2) (2n+ 3) (2n+ 4) (2n+ 5)
·
(
1
22n
−
1
42n
)
=
1
240
ln 2−
1
4
ζ(3)
π2
+
15
2
ζ(5)
π4
− 16
β(6)
π5
. (23)
By making use of the software Mathematica (release 7), one finds the following
exact analytical result:
∞∑
n=1
ζ(2n)
2n (2n+ 1) (2n+ 2) (2n+ 3) (2n+ 4) (2n+ 5)
·
1
22n
=
ζ(3)
12 π2
−
ζ(5)
2 π4
+
lnπ
240
−
137
14400
. (24)
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By substituting this on Eq. (23), one finds
∞∑
n=1
ζ(2n)
2n (2n+ 1) (2n+ 2) (2n+ 3) (2n+ 4) (2n+ 5)
·
1
42n
=
ζ(3)
3 π2
− 8
ζ(5)
π4
+ 16
β(6)
π5
+
ln
(
pi
2
)
240
−
137
14400
, (25)
a closed-form result that is not found in literature.
Let us generalize the above results for zeta series involving β(2 k).
Theorem 2 (Zeta series involving β(2k) ). For any positive integer k,
∞∑
n=1
ζ(2n)
2n (2n+ 1) . . . (2n+ 2k − 1)
·
(
1
22n
−
1
42n
)
=
(−1)k
22k−2
π2k−1
β(2k) +
k
(2k)!
ln 2 +
1
2
k−1∑
m=1
(−1)m
22m − 1
π2m
ζ(2m+ 1)
(2k − 2m− 1)!
. (26)
Proof. Take the Euler-type formula for β(2k) established in Theorem 1. By
using our conversion formula, Eq. (17), one finds, after simplifications,
β(2k) = (−1)k+1
(π/2)2k−1
(2k − 1)!
ln 2
+ (−1)k+1
k−1∑
m=1
(−1)m
(π/2)2k−2m−1
(2k − 2m− 1)!
(
1−
1
22m
)
· ζ(2m+ 1)
+ (−1)k
π2k−1
22k
∞∑
m=0
ζ(2m+ 2)
(2m+ 2) (2m+ 3) . . . (2m+ 2k + 1)
(
1
22m
−
1
24m+2
)
.
By doing m = n− 1 in the infinite series, one has
β(2k) = (−1)k+1
(π/2)2k−1
(2k − 1)!
ln 2
− (−1)k
k−1∑
m=1
(−1)m
(π/2)2k−2m−1
(2k − 2m− 1)!
(
1−
1
22m
)
· ζ(2m+ 1)
+ (−1)k 2
(π
2
)2k−1 ∞∑
n=1
ζ(2n)
2n (2n+ 1) . . . (2n+ 2k − 1)
(
1
22n
−
1
24n
)
.
A multiplication by (−1)k ( 2/π)2k−1 on both sides, followed by the isolation of
the zeta series, completes the proof.
✷
As expected, our previous closed-form expressions for zeta series stated in
Eqs. (18), (20), and (23), are special cases (k = 1, 2, 3, respectively) of the
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general formula in Eq. (26). Interestingly, this new closed-form expression for
the general zeta series can be regarded as the β(2k) counterpart of a formula
derived by Milgran (2007) for a zeta series related to ζ(2k + 1) [8].
Clearly, our zeta series involving β(2k), as found in Eq. (26), can be written
as the difference of two zeta series, as done in the derivation of Eqs. (19), (21),
and (25). This can be justified by noting that both the series
∞∑
n=1
ζ(2n)
2n (2n+ 1) . . . (2n+ 2k − 1)
·
1
2 2n
(27)
and
∞∑
n=1
ζ(2n)
2n (2n+ 1) . . . (2n+ 2k − 1)
·
1
4 2n
(28)
converge absolutely. The task of finding a closed-form expression for one of
these series demands the previous knowledge of a closed-form result for the
other. However, I could not find a closed-form result for any of these series,
neither in literature nor by using mathematical softwares (Mathematica and
Maple). The best I could do was to investigate the pattern of the first few
(exact) analytical results found for the zeta series in Eq. (27). This experimental
procedure strongly indicates that
∞∑
n=1
ζ(2n)
2n (2n+ 1) . . . (2n+N)
·
1
22n
=
1
2

 lnπ
N !
−
HN
N !
+
(N−1)/2∑
m=1
(−1)m+1
ζ(2m+ 1)
π2m (N − 2m)!

 , (29)
where HN :=
∑N
i=1 1/i is the N -th harmonic number, N = 2k − 1 being a
positive odd integer. Although I could not find any exception to the validity
of this analytical closed-form expression, at the current stage of my research on
zeta series this is only a conjecture.8 Note that a formal proof for this conjecture
will automatically imply, from our Theorem 2, that
∞∑
n=1
ζ(2n)
2n (2n+ 1) . . . (2n+N)
·
1
42n
=
1
2

 ln (π/2)
N !
−
HN
N !
− (−1)
N+1
2
(
2
π
)N
β(N + 1)−
N−1
2∑
m=1
(−1)m
(
2
π
)2m
ζ(2m+ 1)
(N − 2m)!

 (30)
is also true.
8I have also tested the validity of Eq. (29) numerically for every positive integer value of k
up to 1000, which corresponds to N = 1999.
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